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Formulae of Laplace Transform

S.No. 10 )
1
at =
1. € s—a
ni
% p .o 8
S n+4-
‘ a
3, sin at 2+ a>
_ 5
4. cos ar 5% +a*
. l a
L3 sinh at gt
l 5
6. cosh at 52— a?
—as
7. U(t—a) . s
8. S(t—a) € £
br - 2
9, e sinat (s— b)2 +a?
i b
10. e’ cos at (s—b)2+02
| - 2
1. 2q Sina (s> +a’)
12 1cos at e
: (s* + a’)?
3 (sin ar — at cos at) :
13. 20> (.5'2 + 02)2
2
14 -l~(sih at + at cos at) -
lote '
No e L1 = =

(W
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TRIGONOMETRIC FUNCTIONS

sin(A*B) = ginAcosB * cosA sin B
cos(AxB) = cosdcosB T sind sinB
tan(A =B) — _tand *tanB

15 tanAd tan B
cot(A +B) = ﬂf_ﬁﬁﬂ

cot B = oot 4

' DOUBLE ANGLE FORMULAS

sin24 = 2sinA cosd E
o824 = cos?Ad — sin2A = 1 — 2 sin?d = 20824 — 1
Y 2tan A

1—tan2 4

TMALE ANGLE FORMULAS

—if A/2 is in quadrant III or IV

m% g [T ;osA [+ if A/2 is in quadrant I or IV}

R0y oy 1 —cosd +if A/2 is in quadrant T or 11
sm-é- = &% e

— if A/2 is in quadrant IT or III

A 1 —cosA -+ if A/2 is in quadrant I or III
tans = x4/ ——=2
2 1+ cosd

— if A/2 iy in quadrant IT or IV

sin A — 1—cosd . _ 3,
1+cosd ~ sin 4 = Aot

sin84 = 2sind — 4sin3 4
c0s34 = 4dcosdd — 3cos A
_. 3tand —tan%4
eedd =5 g
sindd = 4sind cosA — 8sin®A4 cos A

cos4A = BeostAd — 8costAd L+ 1

el dtand — 4 tanB A
e = 1—6tan?d + tant A ;
sinbA = Bsind — 20sin®4 4 16sin5 4
cosBA = 16 cosPd — 20 cos’ A + b cos A
S A — 97 g
tangd =— ten’A —10tand4d 4+ 5tan 4. '

1—10tan? A + b tan1 A

De. 8 4. ~I1-Taew)
- iy

215



5.53
5.54
5.55

5.56

sin? 4
cos? A
sin? 4

cos? 4

POWERS OF TRIGONC

FUNCTIONS
3 — $cos24 5.57 siftAd = § — Jcos?
i+ % cos 24 5.58 costA = § 4+ }cos?
ZsinA — 1 sin 34 5.59 sinfA =
Z2cosA + ] cosBA 5.60 cos’4A =

See also formulas 5.70 through 5.73.

sind + sinPB

sind — sinB
cosA + cos B

cosA — cos B

= 2sin}(A+ B) cos 34— B)
= 2cos §(A+ B)sin (A —B)
= 2cos (A + B) cos §(A —B)

= 2 sin }(A -+ B) sin }(B— 4)

sind sinB = 1{cos(4d —B) — cos(A + B))
eosA cosB = l{cos(A —B) + cos (4 + B)}
sind cos B =

${sin (A — B) + sin (4 -+ B)}

el = cosg + iging, e~¥ = coss — isgineg

These are called Euler’'s identifies.

sin @

cos'd

tang

cot @

gec @

cBee g

A + [ cos 44
4 + } cos 44

gsir_u‘i — Tﬁg sin 34 4+ 5 sinbA

1

feosA + # cos34 + & cos bA

Here 4 is the imaginary unit [see page 21].

elf — g—1i8
21

eld e—10
2

6{9 s 6—{9 2 8‘!9 — g—{ﬂ
= m = T\ e g8

. afetfd et
Sl T T

2
el | o—io

2i
el — g—18

Dt‘a R.J .ﬂ;ﬁfqnqb[



L — X
Huyperbolic sine of ¢ = sinhz = & 22
z —x
Hyperbolis cosine of = coshg = = L& 7 +2a
: = eT — e =
Hyperbolic tangent of x = tanhz = E ez
T =z
Hyperbolic cotangent of x = cothw = —————:I j_- :ﬂ:
: 2
Hyperbolic secant of » = sechwx = g =
Hyperbolic cosecant of v = csch N
g: — c—':

tanha =

& 1 _ coshgx
ROME: = tanhe ~  sinhag
1
secha = P
. .
aashe = sinh
cogh?z — ginh2x = 1
sech?z + tanh2a = 1

coth?z — cgeh2e = 1

sinh (—%) = —sinh g 8.15

cosh (—w) = coshx 8.16 tanh (—x) =

esch (—3) = —egeha B.18  sech(—x) = sechz _ 8.19  coth (~2) =
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sinh(x*y) = sinhz coshy * coshz sinh v
cosh (x*y) = coshz coshy * sinhz sinhy

tanh (Sﬂ “+ y) — tanh = ta.nhy
1 % tanh % tanhy

coth (x = — cothweothy +1
( v cothy * coth e

sinh2x = 2 sinhx coshz

cosh2r = cosh?x + sinh®z = Z2cosh?z —1 = 1 4 2 sinh?z

_  _2tanhs
bahde = 1 + tanh? ¢

sinh 3 = = Sﬂg*:i [+it2>0, —ifz<0)

g cosha + 1
2 & 2

tanh® = = qfSoShe—1 [+if2>0, — if < 0]
2 : coshaz + 1 ’

___.sinha _ coshz —1

cosha+1 =  sinha

sinh3x = 8 sinhz + 4 ginhdzx
cosh3x = 4cosh®x — 3 cosha
_ | : :
_ 3tanhz + tanh3x i o = -

taubde = 1+ 8 tanh2 g ! vﬂ-q u I 4‘1"&9

| TTATEYATIAY
sinhdx = 8 sinh®x coshz + 4 sinh 2 cosh =
coshd4w =* 8 coshiz — 8 cosh?s + 1

: 4 tanhz + 4 tanh® «
hig =
Wantise "1+ 6 tanh?x + tanhix

Ov. 8. ). di-ranab [
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Partial Fractions Decomposition

Case 1: q(x) is a product of distinct linear factors.

Let us assume that q(2) is a product of n distinct linear factors that is

¢(2) = (arz +b1) (agze + by) ... (anz + by)
Then,

q [.’E) QT+ bl Az + bz i @ -+ b-u
Finding the decomposition amounts to

finding the coefficieuts Ay, ..., A,. This
can be done two different ways. We

illustrate this in the examples below.

Remark 1 p(=) does not play a role in the way the decomposition is written.

&xr
B le 2 Find the d HOn Jor ——r e
xamp] WD ME Secompentiion Jor —o— =

We begin by factoring the denominator. We obtain

L
. Accordin
e+ (z—1) 2
to the decomposition we wrote above, we have:

T A B

@+3)(@-1) z+3 Tz-1

We need to find A and B. Multiplying each side by the denominator of the
fraction on the left and simplifying, we obtain:

=A(r-1)+B(z+3)
= Az — A+ Bz +3B
=(A+B)a—A+3B

Two polynomials are equal if.their COITES

ponding coefficients are equal. This
gives us the following system:

A+B=1
—-A+3B=0
s
The solution of this system is: ‘11 Thus, we have
] | B==
4

x o A8
22422 —~3 4\z+3 " -1
There is an easier way which works in this case. We show it on the nest ezample.

Example 8 Find the decomposition for = E: ;5&) ==3)
e decomposition is:

The denominator is already factored. Th

z? — A B c

(z—1) (z+5) (z —3) :m—1+m-{-5+$——-_§

Dr. 8.9.4l~janab|



We need to find A, B, and C . We begin the same way, we multiply each side
by the denominator of the fraction on the left, and simplify. We obtain:
2’ ~2=A@+5)(x-3)+Bx-1)(z-3)+C(z—1)(z+5)

Then we notice that since the above equality is true for every x, it will be true
for specific values of . We select values for = which will make all but one of

the coefficients go away. We will then be able to solve for that coefficient. More
precisely,

e When z =1, we obtain:

0=A(6)(-2)
A=0
o When z = -5, we oblain
30 = B (—6) (—8)
30
pek
5
. e
o When z =3, we obtain
| 6=C(2)(8)
3

Therefore, the decomposition is:

22—z 1 9 3
(-1 (®+5)(z—3) 8 ('EIE+3:_—§) .

Case 2: q(x) is a product of linear factors, some being
repeated : :

The factors which are not rep‘eated will be decomposed as abave. Suppose
that ¢ (2) also contains (aw +b)™ that is ax + b is repeated m times. The
decomposition for this factor will be
Al A2 Am
-+ + ...+
ax+b (a,m -1 b)?' (GJI =1 b)m

)

Example 4 Find a decomposition for —————
= R e

The decomposition is:

z? — 2 A B (6] D
= + + +
-2 (z+1)* z-2 z+1 (z+1)® (z+1)°

..-/771-._..
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Then, we proceed as before. We multiply each side by the denominator of the
fraction on the left and simplify. We obtain:
2?—2=A(z+ £+ B-2)(z+1)*+C(x - (=4 1)+ D(z—2)

We need to find A, B, C, and D.

We can use either of the methods described
in the first case.

o Ife=2, we get

2=274

2

A=

27

o Ifo=—1 we get

-1 =-3D

._.1

o3

We still have to find B qnd G, For this,
and write the corresponding system. We
use the value we found for them.

we choose two more values for
now know 4 and D, so we can

o Ife=1, we get

-1=84—-4B-92C—-Dp

16 oL
_ﬁ—w—z(,—g
16 9 97
4B+20__2_?—'2—?+27
34
4B+_2C—ﬁ-

e Ifx=0, we get
—2=A-2B-92C-2p

2 2
== _2B.20 -2
g 3

227 18 54
2B QC=:,?--2—? "5
2B4+2C = gg
e Thus, we need to solye
4B +2C = .
2B+2C = 57

AV

é g 'Dl"‘s.‘_j ‘AI—JC?%’Q}_]}.



The solution is : {B =2

55, C = %} Putting all this together, we get

L) 2 2 7

B R : 1
G-DE+) TE-2 TErD epsrt

3(z+1)°

Case 3: q(x) is a product of distinct irreducible quadratic
factors.

Recall that a term is called irreducible if it cannot be factored any further. Thus
a? + @ + 1 is irreducible, so is 22 + 1. Be carcful, (z + 1) is not considered a
quadratic term. You must think of it as a linear term appearing twice, We
can generalize what we did in the previous two cases as follows. Instead of
thinking of linear factors, think that when we write the decomposition, the
degree of the term in the numerator is 1 less than the degree of the term in the
denominator. When we had linear factors in the denominator, it meant that we
had to have terms of degree 0 in the numerator, that is we had constant terms.
If the denominator contains irreducible quadratic factors, then the numerator

will contain linear terms. We look at an example to see how the decomposition
is wrifiten.

T
Example 5 Decompose WT‘E} ;
If we apply a method similar to that of case 1, the decomposition will contain
two fractions, one for each irreducible factor- However, since the degree of the
denominator is now 2, the degree of the numerator will be 1, that is we will have
linear terms. Recall that o linear term is of the form az + b. Thus,

K _As+B Cz+D
@ +1)(@+2)  ?+1 @ 2?+2

To solve, we proceed as above. First, we maultiply each side by the denominator
of the fraction on the left, and simplify. We obtain:

@ = (Ax 4+ B) (z° + 2) + (C=z + D) (z? +1)

We then pick 4 different values for & to get a system of 4 equations, which we
solve. The answer is:

T I & o &
(@2 +1)(z2+2) 2241 2242

Case 4: q(x) is a product of irreducible quadratic fac-
tors, some being repeated

This is similar to case 2, with linear terms in the numerator and quadratic terms
in the denominator.




9 — 1
Example 6 Write the decomposition for _:c___a
. (22 +z41)
20 —1 . Az 4 B Cz+ D i Ex 4+ F
(@ +z+1)* " (22 + 2 +1)°

(@@ +z+1)° Pte+l

We would find the coefficients as abouve.

1.6 General Case: q(x) is a mixture of the above

Example 7 Decompose 223: =3 =
(z-1)" (a2 ++1)
2 -1 L s B
(-1 (@2 +z+1)3 -1 (z-1)°
Cax+ D - Ex+4 B Gz+H

ta+l’ (24412 (Rtztl)
The answer is '
2m—1 ™ 1 1
E-0'@?+z+1 20@=1)> HE-)
ol o 1 z+3
2_'?m“+m+1—g($2+.m+1.)2LE(;¢2+3+1)3
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1 Trigonometric Identities

sin(zx £ —) = xcosz X
B s e

sin(z £ y) = sin:::cos}yi cosasiny %%
cos(m £ y) = cosacosy Fsinwsiny 9%
sl e ‘t;m &ty
I T tanrtany
2 sinzsiny = vos(x — y) — cos(x+ ) >
2 cos  Cosy = cos(x — y) + cos(x + v) %

2 ginaensy = sin{w — y) + sinfz + ) o

(et . (=)

siny -k siny = 25in ——/—— coi ——
; ) o ()
sinm — siny = 2¢Qs ——— 5 ——

(o) (=)
cos

L)

cos T 4 cos = 2eos

cosm — cosy = —2sin

(2. (2~
) et

7,

. sinfz=y) |
tanag )= ————
t"llﬁﬂll‘-()H‘y

sin 2% = 2sinzcosy

cos 2% = cos? £ — sin’ m &
2tanzx
tan 2z

1—tan’z-

Cos @to‘zjr_;;@mco

tSin(0127) = Sin

Cod (X)

.

Gt (0 = 50

o 0% )
~ec (x) o |
(e o (%)

o e [ 3%

-




4sin’ z = 3sin 2 - sindr

] -
|
B = &sinz
Reos? 2

b2

oY)

4cos’ z = 3¢cosT + cos 3z

=3 - 4c0s2x + cos

4

=344 cos 2 4 cns 4

acosx —bsinz = reos(z + 0) -

Trigonometric Functions

sinxw =
cosT =

tanx =

B
COs™ K +

e L

-

2y

gltademman
Hawa TETLN

2

e

sin

>

- NS
Sin~ o =] —

COs T

™ = cosr & jsina >

Hyperbolic Functions

sinha =

coshz =

—_—

e — 7%

H
| S E; oy
5 7=

. sinhr

tanh 2! =

X

cosh z

‘,J e :
cosh®z —sinh’z =1 ¥

P i a4
e~ = coshz = sinh ¢ 3¢

arcsinh ¢
arccosh ¢

arcnani a

=In(x + V22 47),

= Infx -+

whers

-~

{

I

i
= vt s 1!

= arctan (b

H

‘='rcost

=Trsinfl
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