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Equality of Two Complex Numbers 

Given that  biaz 1   and   dicz 2   

where  Czz 21, . 

Two complex numbers are equal iff the real parts and the imaginary parts are 

respectively equal.   

So, if 21 zz  ,  then ca   and db  . 
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If biaz 1  and dicz 2  are two complex numbers, then 

   idbcazz  21  

 

 

  

 

 

If biaz 1  and dicz 
2

 are two complex numbers, and k is a constant, then 

1.     dicbiazz  21      

2. kbikakz 1  

 

Division: 

If we are dividing with a complex number, the denominator must be converted to a 

real number. In order to do that, multiply both the denominator and numerator by 

complex conjugate of the denominator ,i.e. 
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Note: 
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The n-th Power Of A Complex Number 

 

 

 

 

 

 

 

 

 
 

 

Properties of cis [ cis=cos+i sin]  

1. )(. 2121   cisciscis  

      )sin)(cossin(cos. 221121  ciscis  

21211221 sin.sincossin.cossin.cos.cos   ii  

)cossincos(sin)sin.sincos.(cos 21122121   i  

)()sin(.)cos( 212121   cisi  
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2. )()( 1   ciscis  

3. )( 21

2

1 



 cis

cis

cis
 

 

These properties lead to an interacting geometry interpretation of the product, quotient of 

two complex numbers, in terms of vectors that represent them. 

Product  

111111 .)sin(cos  cisrirz   

222222 .)sin(cos  cisrirz   

)(..).)(.(. 2121221121   cisrrcisrcisrzzz  

Example: 

izandizif  31 21   find 21.zz   

)30(2,)45(2 21  ciszcisz    

 

73.073.2)15sin15(cos22)3045(22))30(2)(452(. 21 iiciscisciszz   

Division    

111111 .)sin(cos  cisrirz   

222222 .)sin(cos  cisrirz   

)(
.

.
21

2

1

22

11

2

1 



 cis

r

r

cisr

cisr

z

z
 

 

Example: 

izandizif  31 21  obtain 
2

1

z

z
 for the previous complex numbers. 

)(
.

.
21

2

1

22

11

2

1 



 cis

r

r

cisr

cisr

z

z
 

 

68.018.0)75sin75(cos707.0)75(
2

1
))30(45(

2

2
iiciscis   
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Power  

Demoivers  theory which states that : 

 

)()(  nciscis n   

 ninicisz nn sincos)sin(cos)(   

)(....)(...........................)(  nciscisciscisciscisciscis n 

 

 nin sincos   

Example: 

Obtain 3cis  in term of  cos,sin . 

 3sin3cos)sin(cos3 3 iicis   

)sincossin3(cossin3cos)sin()sin(cos3)sin(cos3cos 3223323   iiii

 323 sin.sin3cos3cos   

 32 sincos.sin33sin   

De Moivre’s Theorem to Prove Trigonometric Identities 

De-Moivre’s theorem can be used to prove some trigonometric identities. (with the help 

of Binomial theorem or Pascal triangle.) 

 

Example: Prove that  

5 3

5 3

cos5 16cos 20cos 5cos  and

sin 5  = 16 sin   - 20 sin   + 5 sin .

   

   

  
 

Solution: The idea is to write (cos θ + i sin θ)
5
 in two different ways. We use both the 

Pascal triangle and De Moivre’s theorem, and compare the results. 

(cosθ+i sinθ)
5
 = cos

5
θ + 5icos

4
θ sinθ−10cos

3
θ sin

2
 θ−10icos

2
θsin

3
θ+5cosθsin

4
θ+i sin

5
θ 
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                       = (cos
5
 θ − 10 cos

3
 θ sin

2 
θ + 5cos θsin

4
 θ)+i(5 cos

4
 θ sin θ − 10 cos

2
 θ   

                           sin
3
 θ + sin

5
 θ). 

Also, by De Moivre’s Theorem, we have (cos θ + i sin θ)
5
 = cos 5θ + i sin 5θ.and so 

cos 5θ + i sin 5θ = (cos
5
 θ − 10 cos

3
 θ sin

2 
θ + 5 cos θ sin

4
 θ) + i(5 cos

4
 θ sin θ − 10 cos

2
 θ   

                                sin
3
 θ + sin

5
 θ). 

Equating the real parts gives 

cos 5θ = cos
5
 θ − 10 cos

3
 θ sin

2 
θ + 5 cos θ sin

4
 θ. 

    = cos
5
 θ − 10 cos

3
 θ(1 − cos

2
 θ) + 5 cos θ(1 − cos

2
 θ)

2
 

    = cos
5
 θ − 10 cos

3
 θ + 10 cos

5
 θ + 5 cos θ − 10 cos

3
 θ + 5 cos

5
 θ. 

   = 16 cos
5
 θ − 20 cos

3
 θ + 5 cos θ. (proved) 

Equating the imaginary parts gives 

sin 5θ = 5 cos
4
 θ sin θ − 10 cos

2
 θ sin

3
 θ + sin

5
 θ 

          = 5(1 − sin
2
 θ)

2
 sin θ − 10(1 − sin

2
 θ) sin

3
 θ + sin

5
 θ 

          = 5(1 − 2 sin
2
 θ + sin

4
 θ) sin θ − 10 sin

3
 θ + 10 sin

5
 θ + sin

5
 θ 

          = 5 sin θ − 10 sin
3
 θ + 5 sin

5 
θ − 10 sin

3
 θ + 10 sin

5
 θ +sin

5
 θ 

          = 16 sin
5
 θ − 20 sin

3
 θ + 5 sin θ (proved). 

The n-th Roots of a Complex Number 

A complex number w is a n-th root of the complex number z if w 
n
 = z or w  

                =  .  

        = nir

1

)]sin(cos[   ,  

             








 





n

k
i

n

k
r n  2

sin
2

cos/1

 

for 1,...,2,1,0  nk  

Substituting 1,....,2,1,0  nk  yields the nth roots of the given complex number. 
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Example: 
 

Find the three roots of -32. 

2,1,0,3,,, 21  knwwwo  

 

)]
2

sin()
2

[cos(/1

n

k

n
i

n

k

n
rw n 

  

 

75.258.1)]
3

)0(2

3

180
sin()

3

)0(2

3

180
[cos()32( 3/1 iiwo 


 

 

)0(17.3)]
3

)1(2

3

180
sin()

3

)1(2

3

180
[cos()32( 3/1

1 iiw 


 

 

75.258.1)]
3

)2(2

3

180
sin()

3

)2(2

3

180
[cos()32( 3/1

2 iiw 


 

 

 ( أول جدر يرسم بزاوية مقدارها/nبالاتجاه الموجب )اذا حسب مثالنا اعلاه . ] (/n=180/3=60
o

) [   
 (  360نرسم الزاوية بين جدر واخر/nبالاتجاه الموجب ) . ] ( 120=360/3أي

o
)[ 

 
 

Example: 

 

 

 

 

 

 

 

 

 

 

 

This has four distinct roots.  

 

Wo,w1,w2 
r =32 

 =180
o 

Imag. 

Real 

w4 w3 

w2 w1 

 
=120

o 
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The n-th Power Of A Complex Number 

We know that a complex number can be express as 
irez  , then  

   

   
222 ierz   

   
333 ierz   

   
444 ierz   

     : 

   
innn erz   

The n-th Roots Of A Complex Number 

 

The n-th roots of a complex number can be found using the Euler’s formula. 

Note that: 

 

)2(  kirez   

Then, 

i
k

erz







 

 2

2

2

1

2

1 

,    k = 0,1 

 

i
k

erz







 

 3

2

3

1

3

1 

,  k = 0,1,2 

 

                                         

i
n

k

nn erz







 



 211

,  k = 0,1,2,…,n -1  
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Functions of a Complex Variable 
If, to each value of a complex number z in some region of the complex plane there 

corresponds a unique value of another complex variable w, then w is a function of z, i.e. a 

function of complex variable, written )(zfw  . Let u and v be the real and imaginary 

parts of w, then since iyxz  , u and v will in general be functions of x and y and we 

write w = u(x,y) +iv(x,y) 

 

Example: 

zzw  2  is defined for all Cz .     

yxyyxv

xyxyxu

yxyxyx

yxyxw









2),(

),(  have we

)i(2)(

)i()i(  Since

22

22

2

                     

For example, f(3+2i) = 2+10i 

Example: 

iif

yyxvxyxu

iyx

iyxiyx

zzw

216)4( and

2),(  ,4),(   

24

)()(3

3











                                    

Relationship between circular and hyperbolic functions. 

Euler’s formula provides the theoretical link between circular and hyperbolic functions. 

Since 

 sincos iei    and   cos sinie i      

we deduce that: 

 cos
2

i ie e 




  and  sin .
2

i ie e

i

 




         (1) 

 

We defined the hyperbolic function by: 

cosh
2

x xe e
x


  and  sinh

2

x xe e
x


   (2) 

Comparing (1) and (2), we have 
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cosh cos
2

sinh sin
2

ix ix

ix ix

e e
ix x

e e
ix i x

i






 


 

 

so that 

tanh tanix i x . 

Also, 

2 2

2 2

cos cosh
2 2

sin sinh
2 2

i x i x x x

i x i x x x

e e e e
ix x

e e e e
ix x

i

 

 

 
  

 
  

  (3) 

so that : tan tanhix i x . 

Using these results, we can evaluate functions such as sin z, cos z, tan z, sinh z, cosh z 

and tanh z.  

For example, to evaluate 

cos cos( )z x iy   

we use the identity 

cos( ) cos cos sin sinA B A B A B    

and obtain 

cos cos cos sin sinz x iy x iy   

Using results in (3), this gives 

cos cos cosh sin sinhz x y i x y  . 

Homework: Find the values of 

a) sinh(3 4 )i  

b)  tan 3
4

i
 
 

 

 

c) sin (1 )
4

i
 

 
 

 

(Ans: a) -6.548-7.619i  b) 0.005-1.0i   c) 0.9366+0.6142i) 
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Cauchy-Riemann equations: 

          If )(zf any function of complex variable 

          and   
y

v

x

u









  

                   
y

u

x

v









.  

       These conditions are known as the Cauchy-Riemann equations. 

Examples: 

(i)  xyyxzzf i2)( 222                              

 xyvyxu 2          22   

 
x

y

v
x

x

u
2,2 










y
y

v
y

y

u
2,2 










                           
Both equations are satisfied (C-R)eq. 

(ii)  yxzzf i)(                  

 yvxu 

11 









y

v

x

u

00 









x

v

y

u

  
The first C-R equation is not satisfied  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(iii) 222
)( yxzzzzf                               

 022  vyxu

02 









y

v
x

x

u

02 









x

v
y

y

u

   
The C-R equations are only satisfied at z = 0  
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Example: 

 
Example: 
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Example: 

  

 

 

 

 
Example: 
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Example: 

 

 

 

 
 

 

 

 


